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One promising avenue to study one-dimensional (1D) topological phases is to realize them in synthetic ma-
terials such as cold atomic gases. Intriguingly, it is possible to realize Majorana boundary modes in a 1D
number-conserving system consisting of two fermionic chains coupled only by pair-hopping processes [1]. It
is commonly believed that significant interchain single-particle tunneling necessarily destroys these Majorana
modes, as it spoils the Z2 fermion parity symmetry that protects them. In this Letter, we present a new mecha-
nism to overcome this obstacle, by piercing a (synthetic) magnetic pi-flux through each plaquette of the Fermi
ladder. Using bosonization, we show that in this case there exists an exact leg-interchange symmetry that is
robust to interchain hopping, and acts as fermion parity at long wavelengths. We utilize density matrix renor-
malization group and exact diagonalization to verify that the resulting model exhibits Majorana boundary modes
up to large single-particle tunnelings, comparable to the intrachain hopping strength. Our work highlights the
unusual impacts of different topologically trivial band structures on these interaction-driven topological phases,
and identifies a distinct route to stabilizing Majorana boundary modes in 1D fermionic ladders.
PACS numbers: 67.85.−d, 71.10.Pm, 03.67.Lx, 74.90.+n
The classification of topological phases in one dimension
[2–4] revealed an intriguing array of possible new states of
matter, with a variety of types of protected gapless bound-
ary modes. Of these, one class that has generated consider-
able excitement recently is the one-dimensional (1D) topolog-
ical superconductors first described by Ref. [5]. These have
protected boundary Majorana zero modes, which harbor non-
Abelian statistics [6–8] and hence are promising candidates
for topological quantum computing [9, 10].
In practise, to obtain long-range superconducting order in
1D systems requires inducing superconductivity via coupling
to a 3D bulk superconductor [11–21]; experimental progress
in this direction has been made in several distinct solid-state
systems [22–26]. Interestingly, however, it is also possible
to host topological boundary modes in truly 1D platforms, in
spite of the fact that these systems do not support long-range
superconducting order, and are in fact gapless [1, 27–31]. This
opens up the possibility of studying 1D fermionic topological
phases in synthetic materials such as cold atomic gases [32–
39], offering an attractive architecture with increased tunabil-
ity.
One concrete model in this category was proposed by
Ref. [1], who showed numerically that even starting from a
lattice Hamiltonian with a topologically trivial band structure,
a regime bearing the hallmarks of Majorana boundary modes
can be accessed in an atomic two-leg ladder by introducing an
interleg pair-hopping interaction. These boundary modes are
protected by the conserved fermion parity of one of the wires,
and are therefore robust provided that the single-particle in-
terleg tunneling (t⊥), which breaks this symmetry explicitly,
is sufficiently small. A number of proposals [1, 29–31] for
suppressing t⊥ such that this regime may be experimentally
realized ensued.
In this paper we propose a distinct route to overcome this
obstacle: We begin with a different band structure, in which
each plaquette of the ladder has a flux of pi. We show that
with pair hopping this model also has an interacting topo-
logical regime hosting Majorana boundary modes—which in
this case are protected by a symmetry preserved even in the
presence of finite t⊥. We bolster our theory with numerical
evidence of Majorana boundary modes over a wide range of
t⊥. Our findings thus furnish an appealing mechanism to en-
gineer topological boundary modes in a particle-conserving
and strongly interacting system without the need to fine-tune
single-particle tunneling.
Fermionic flux ladder model.—Motivated by these consid-
erations, we study an interacting two-leg ladder model of spin-
less fermions in a perpendicular magnetic field described by
the following number-conserving Hamiltonian,
H = HK +HW , (1)
HK =−
L−2∑
n=0
[(t‖ei
φ
2 c†n,0cn+1,0+t‖e
−iφ2 c†n,1cn+1,1)+H.c.]
−
L−1∑
n=0
(t⊥c
†
n,0cn,1+H.c.), (2)
HW = +
L−2∑
n=0
(Wc†n,0c
†
n+1,0cn,1cn+1,1+H.c.), (3)
where c(†)n,` is the fermionic annihilation (creation) operator at
rung n on the leg ` = 0, 1. The intraleg and interleg single-
particle tunneling strengths are t‖ and t⊥, respectively, and
W (which we take to be negative throughout this work) is the
pair-hopping strength. Two essential ingredients of the above
model are the synthetic Peierls phase φ ∈ [0, pi] per plaque-
tte, and the interchain pair-hopping interaction HW . Previous
works have demonstrated the existence of Majorana boundary
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2modes in this Hamiltonian at φ = 0 and t⊥ = 0 based on a
preserved fermion number parity P` := (−1)N` , where N` is
the particle-number operator of a single leg ` [1, 29–31]. Here
we will show that when φ=pi, these boundary modes persist
up to t⊥ of order t‖. Note that without pair hopping, the bare
band HK in (2) is topologically trivial, so that the model (1)
requires interactions to realize the topological regime. This
is necessarily the case for isolated 1D systems, where the to-
tal fermion number is conserved—in contrast to models based
on e.g., Kitaev or spin-orbit-coupled wires [40–42], where the
Majorana modes may originate from nontrivial Bogoliubov–
de Gennes band structures, as Cooper pairs can be exchanged
with a bulk 3D superconductor.
Symmetry analysis.—Though our system is gapless, its
topological boundary modes can be understood using the sym-
metry classification of 1D gapped fermionic phases [3]. We
therefore begin with a discussion of the underlying symme-
tries. Below we argue that the Majorana boundary modes are
protected by a unitary Z2 leg-interchange symmetry Ls which
takes cn,0 → (−1)n+1cn,1, cn,1 → (−1)n+1cn,0, where n
indexes the site along the chain. This is a symmetry only
for φ = pi; we will see that its action is equivalent to that
of an emergent fermion parity operator that we will describe
presently using bosonization. Additionally, for any flux φ,
there is an antiunitary time-reversal symmetry that combines
complex conjugation with interchanging the two legs of the
ladder, obeying T2 = +1. In principle, this enables eight dis-
tinct types of boundary modes [3], though numerically we ob-
serve only one of these, with a single Majorana zero mode
at each boundary. Finally, there also exists an overall U(1)
fermion number conservation. In our case its chief signifi-
cance is that, unlike the situation considered by Ref. [3], only
at exactly half-filling is a microscopic (rather than emergent)
particle-hole symmetry possible. If t⊥= 0, the model has an
additional exact Z2 symmetry, corresponding to the fermion
parity of a single leg of the ladder, given by P`. It is this sym-
metry that protects the topological boundary modes observed
by Ref. [1] at zero flux.
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FIG. 1: Linearization of the lower band (blue solid line) at φ =
pi. The obtained four chiral-fermion branches can be separated into
valley-I (light magenta) and valley-II (light orange) that generalize
the original chain degrees of freedom. Specifically, we depict the
two types of umklapp processes that obey Eq. (6).
Bosonization and renormalization group analysis.—To un-
derstand the special role of the Z2 symmetry Ls, we bosonize
the model (1). For φ = pi, the kinetic Hamiltonian HK has
band energies Ehgr/lwr =±
√
t2⊥+4t
2
‖ sin
2(ka), with band gap
2t⊥. Here we consider a system at less than half-filling, with
the interaction scale W small relative to the bandwidth, such
that we can project out the unoccupied band and focus only on
the processes inside the lower band when treating HW . Here
the Fermi energy intersects the lower band at four separate
Fermi points, as shown in Fig. 1.
Linearizing about these four Fermi points results in two
right-moving (R) and two left-moving (L) fermion operators,
which we distinguish using a valley index (I or II). Bosonizing
these in the usual way, we have ψκ,ν∼eiϕκ,ν , with κ=R (L)
and ν= I (II). We define the nonchiral bosonic fields
θc =
1√
2
{θI + θII}, θs = 1√
2
{θI − θII}, (4)
φc =
1√
2
{φI + φII}, φs = 1√
2
{φI − φII}, (5)
where θν = 1√2 (ϕR,ν − ϕL,ν), φν = 1√2 (ϕR,ν + ϕL,ν),
such that ϕκ,ν = 12 [(φc+κθc) + ν(φs+κθs)]. Af-
ter including appropriate Klein factors, the only nontriv-
ial commutators among these nonchiral bosonic fields are
[θc(x), φc(x
′)]=−2ipiΘ(x′−x), [θs(x), φs(x′)]=2ipiΘ(x−
x′), [θs(x), φc(x′)]=−2ipi, where Θ(x) is the Heaviside step
function. The corresponding density and current operators
are: ρc=(1/pi)∂xθc, ρs=(1/pi)∂xθs, Jc=(1/pi)∂xφc, Js=
(1/pi)∂xφs.
Bosonizing the interaction term HW produces multiple
four-fermion terms, of which only slowly-varying terms con-
tribute in the continuum limit. When φ = pi, in addition to
the usual momentum-conserving processes, this allows for
intervalley umklapp scattering, since the Fermi points obey
kL,I =−kR,II, kR,I =−kL,II, kL,II+kR,II =pi/a, such that
kL,II + kR,II − kL,I − kR,I = 2pi
a
. (6)
Eq. (6) is valid independent of the chemical potential within
the lower band, but it will not hold if φ 6= pi.
The resulting bosonized form ofH decouples into a gapless
charge sector and a gapped spin sector:
H ' Hc +Hs, (7)
Hc =
∫
x
1
2pi
{ucKc (∂xφc(x))2 + uc
Kc
(∂xθc(x))
2}, (8)
Hs =
∫
x
1
2pi
{usKs (∂xφs(x))2 + us
Ks
(∂xθs(x))
2}
+
2gum
(2pia)2
∫
x
cos (2φs(x))− 2gbs
(2pia)2
∫
x
cos (2θs(x))
− 2gmx
(2pia)2
∫
x
cos (2θs(x)) · cos (2φs(x)) , (9)
where
∫
x
≡ ∫ dx and the associated coupling constants are
given by gum = −aWpi2 cos2(kR,IIa)(sin4 ξ2 + cos4 ξ2 ), gbs =
3−aW2pi2 sin2(kR,IIa) sin2ξ, and gmx = −aW2pi2 (sin4 ξ2 + cos4 ξ2 ).
Here the wavefunction in the lower band at kR,II, has the form
(cos ξ2 , sin
ξ
2 ) in the leg (i.e., 0, 1) basis [43]. Note that the
gum-term favors Cooper pairing while the competing gbs-term
favors a valley density-wave-type order. Moreover, owing to
the density-density interactions, the velocities and Luttinger
parameters are renormalized. Particularly, for the spin chan-
nel
us=
√
(u+g)2−4g2 cos2(2kR,IIa), (10)
Ks=
√
u+g+2g cos(2kR,IIa)
u+g−2g cos(2kR,IIa) , (11)
where u= 12vF ≡ 12 dElwrdk
∣∣
k=kR,II
>0 and g= aW2(2pi)3 sin
2ξ.
As the charge sector is gapless, we will concentrate on the
spin sector, which is responsible for the topological Majo-
rana boundary modes. To determine which of the sine-Gordon
terms in Hs dominates, we use the one-loop renormalization
group (RG) flow equations:
dKs(l)
dl
=
y2um(l)
2
− y
2
bs(l)K
2
s (l)
2
, (12)
dyum(l)
dl
= (2− 2K−1s (l))yum(l), (13)
dybs(l)
dl
= (2− 2Ks(l))ybs(l), (14)
dymx(l)
dl
= (2− 2Ks(l)− 2K−1s (l))ymx(l), (15)
where yum= gum2upi , ybs=
gbs
2upi , and ymx=
gmx
2upi are the dimen-
sionless coupling constants. The gmx-channel, involving both
θs and φs, is power-counting irrelevant for any value of Ks
and can be neglected. Accordingly, the gap-opening compe-
tition is between gum and gbs. If we take W to be negative,
then for 3pi/(4a)>kR,II>pi/(2a) we have Ks>1 and gum is
the only relevant coupling. In this regime the long-wavelength
effective Hamiltonian is therefore expected to be
Hs∼Hs-G =
∫ L
2
−L2
dx
2pi
{
usKs (∂xφs(x))
2
+
us
Ks
(∂xθs(x))
2
+
gum
pia2
cos (2φs(x))
}
. (16)
Note that for W < 0, gum > 0 and the coefficient of the
cos(2φs) term is positive, contrary to the usual sine-Gordon
model. As explained below, this sign flip, which arises from
the particular umklapp processes that occur in the band struc-
ture for φ = pi, is crucial to ensuring that the staggered leg-
interchange symmetry Ls acts like a fermion parity operator.
Indeed, for W > 0 and 3pi/(4a) > kR,II > pi/(2a) it is the
negative coupling gbs that is most relevant; this phase shows
no numerical signatures of topological boundary modes, as
discussed in the Supplemental Material [43].
Z2 symmetry and Majorana operators.—Following
Ref. [21] we can further derive the bosonized Majorana-
boundary-mode operators by specifying the vacuum Hamil-
tonian density Hvac(x) = − 2M∞pia sin(θs(x))cos(θc(x)),
which amounts to sending the fermion mass outside the
system to +∞ on both legs of the ladder [44]. This
fixes θs(x ∈ (−∞,−L2 )) = ±pi2 + 2nˆ(1)θs pi and θs(x ∈
(L2 ,∞)) = ±pi2 +2nˆ(2)θs pi. In the gapped bulk of the ladder,
φs(x∈ (−L2 , L2 ))=−pi2 +nˆφspi, where nˆ(1,2)θs , nˆφs are integer
operators. The two domain-wall Majorana operators are then:
γL ' eipi(nˆ
(1)
θs
+nˆφs ), γR ' eipi(nˆ
(2)
θs
+nˆφs ). These satisfy the
Majorana relations γ†L/R = γL/R, γ
2
L/R = 1, {γL, γR} = 0,
and define an emergent fermion parity Pv = iγLγR.
This acts on the spin fields within the gapped system via
PvφsP
−1
v = φs−pi, PvθsP−1v = θs. In particular, when gum
dominates the RG flow, Pv maps between the system’s two
classical ground states; when gbs dominates the flow, it acts
trivially on the two classical ground states.
Strictly speaking the operator Pv does not correspond to
any microscopic symmetry for |t⊥| > 0. (For t⊥ = 0, it
can be interpreted as the fermion parity of one of the lad-
der’s two legs.) However, at φ = pi its action is equivalent
to that of the microscopic Z2 symmetry Ls, which acts on the
bosonized field via Lsφs(x)L−1s =−φs(x) (mod 2pi). Specif-
ically, since gum is positive, both Pv and Ls map between the
two classical minima |±pi/2〉 of the sine-Gordon potential,
where φs(x) |±pi/2〉= (±pi/2 mod 2pi) |±pi/2〉. Thus within
the ground-state manifold, the action ofPv is equivalent to that
of the exact symmetry of Ls. Indeed, in a finite-size system,
due to the proliferation of instanton processes [27, 45], the
ground states of Hs-G are split into |±〉= 1√2 (|pi/2〉±|−pi/2〉)
whose energy difference is exponentially small in the system’s
size. The lowest two eigenstates therefore obey Pv |±〉 =
± |±〉 , Ls |±〉 = ± |±〉, and can be labeled by their eigen-
values under the microscopic symmetry Ls.
We note that for flux φ 6= pi, the umklapp scattering
leading to Eq. (16) is no longer an effective zero (lattice)-
momentum transfer process, and cos(2φs(x)) is replaced by
cos(2φs(x)−δx), where δ parameterizes the deviation of
the flux from pi. In this case we expect a commensurate-
incommensurate transition which destroys the topological
boundary modes. As described in the Supplemental Material
[43], numerical evidence suggests that this transition leads to
a phase in which θs is locked.
Comparing φ= pi with φ= 0.—As noted above, the topo-
logical state found in Ref. [1] at φ = 0, t⊥ = 0 is protected
by the symmetry P` corresponding to the conserved fermion
parity of one of the ladder’s legs. For t⊥ = 0, the operator
Pv constructed from the Majorana boundary modes is exactly
equal to P`, and therefore corresponds to an exact symme-
try that protects the resulting topological boundary modes. In
comparison, at φ = pi we have found that Pv’s action on the
classical ground states is identical to that of the leg-exchange
symmetry Ls, which is not violated by finite t⊥. Hence it
is the particular action of Ls at this point which gives the
topological boundary modes their enhanced stability. This
result highlights the fact that different choices of topologi-
cally trivial band structures can have profound implications
for interaction-driven topological phases.
4In addition to these symmetry considerations, introducing
t⊥ at φ = 0 has a significantly different impact on the band
structure and umklapp processes than doing so at φ=pi, mak-
ing the latter state more stable. For φ = t⊥ = 0, the two
chains’ bands are identical. This overlap favors the umklapp-
scattering processes that lead to the topological phase. How-
ever, increasing t⊥ at φ= 0 separates the two bands and cre-
ates a Fermi-velocity mismatch, which disfavors these pro-
cesses, ultimately causing the spin gap to close at a small but
finite value of t⊥ [1]. By contrast, when φ= pi, the two val-
leys where the chains’ bands cross the Fermi surface are max-
imally separated by a wave vector pi/a, and remain symmet-
ric with a finite t⊥. In this case the Fermi-velocity mismatch
is absent, and the spin gap persists up to large values of t⊥.
Thus the different nontopological band structures play a key
role in making the topological Majorana modes robust (frag-
ile) against t⊥ at φ= pi (φ= 0), consistent with the fact that
t⊥ breaks P` but preserves Ls.
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FIG. 2: Numerical signatures of the topological phase. (a) and (b):
Scaling of energy gaps as functions of L from DMRG. (a) shows
that the energy difference between the first two lowest-lying eigen-
states of (1) decays exponentially withL. The protected ground-state
manifold is separated from the rest of the spectrum by a gap that de-
creases inversely with L, as shown in (b). Here W =−1.7t‖, t⊥=
0.5t‖, φ=pi, N/L=1/3. (c)–(g): Transition out of the topological
phase at large t⊥ for fixed W =−1.7t‖, φ= pi, L= 48, N = 16.
(c)–(e) demonstrate the edge mode via the nonlocal correlations
[1, 30, 31] in single-particle Green functions. At t⊥ = 3.0t‖, the
edge mode disappears indicating the transition to a trivial state. This
is in accordance with (f) and (g) which show the corresponding evo-
lutions of entanglement spectra and local fermion densities as the
transition is approached.
Numerical verification.—Simulations based on density ma-
trix renormalization group (DMRG) [46] and exact diagonal-
ization (ED) [47] have been performed to solve the lattice
model (1) at φ = pi and t⊥ = 0.5t‖. The numerical out-
comes provide strong evidence supporting our theoretical pre-
dictions. Fig. 2(a) demonstrates that in the low-population re-
gion (N/L=1/3), when pair hopping is strong (W =−1.7t‖),
the energy gap between the ground state and the 1st excited
state closes exponentially as the ladder’s size L increases.
This is in contrast with a power-law gap closing resulting from
the gapless charge sector. As anticipated, these two nearly de-
generate eigenstates are distinguished by their eigenvalues of
Ls: The ground (1st excited) state has eigenvalue +1 (−1).
The resulting ground-state manifold is further separated from
the rest of the spectrum by a gap which only decreases in-
versely with L (Fig. 2(b)). Moreover, the topological Majo-
rana boundary modes can be characterized via the nonlocal
correlations [1, 30, 31] in the single-particle Green functions
Gmn := 〈c†m,0cn,0〉 = 〈c†m,1cn,1〉. These are apparent for a
range of t⊥ values in the topological regime (Figs. 2(c)–(d)).
The presence of the edge states also gives rise to a two-fold
degeneracy in the entanglement spectrum (ES) [2, 48] on the
central bond (Fig. 2(f)). These DMRG results have been con-
firmed by ED for small system sizes.
As discussed in the Supplemental Material [43], adding a
small Ls-symmetry-breaking perturbation to (1) causes the de-
generacy in the ES to lift, and the energy gap of E1−E0
to deviate from the exponentially small splitting observed in
Fig. 2(a). This supports our claim that the topological bound-
ary modes are protected by Ls at φ=pi and t⊥ 6=0.
To fully characterize the topological regime, we also show
evidence of a phase transition out of the topological regime at
t⊥,c≈ 2.5t‖. Fig. 2(e) shows a value t⊥>t⊥,c, for which the
nonlocal correlations in Gmn are absent. Further, as shown
by Fig. 2(f), the degeneracy in the ES apparent for t⊥ < t⊥,c
is lifted and the lowest level is clearly nondegenerate at t⊥=
3.0t‖. Our numerics suggest that the transition is toward a
state with density-wave order at large t⊥: For t⊥ > t⊥,c,
the fermion-density profile ρn := 〈c†n,0cn,0〉 = 〈c†n,1cn,1〉 in
Fig. 2(g) evolves from a uniform distribution toward an oscil-
latory pattern. Additionally, for t⊥ ≥ 3.0t‖, the two lowest
energy eigenstates split and both have Ls eigenvalues of +1
[43]. All the above observations suggest that once t⊥> t⊥,c,
the Majorana boundary modes disappear.
Experimental feasibility.—In cold atom laboratories, cur-
rently a great deal of effort has been devoted to simulat-
ing strong synthetic magnetic fields in optical lattices by
Raman-assisted tunnelings and lattice-shaking techniques,
which mimic standard Peierls substitutions through attach-
ing an Aharanov–Bohm-like complex phase to the nearest-
neighbor single-particle hopping [49–56]. The remarkable
tunability of these artificial gauge fluxes has paved an exper-
imental avenue to exploring the Bose–Einstein condensation
in Harper–Hofstadter model of 2D bosonic gases [55]. Chi-
ral edge states due to particle’s cyclotron motion stirred by
uniform fluxes have also been detected in quasi-1D fermionic
ladders and Hall ribbons, where a sizable flux φ can reach up
to 1.31pi per plaquette by utilizing the technology of optical
atomic clocks [53, 54]. In Ref. [1] an atomic scheme has also
5been outlined for creating the more intricate pair-hopping in-
teraction. These developments make the prospect of realizing
flux-stabilized Majorana zero modes a possibility in the near
future.
To summarize, we have shown that by threading pi-flux
through each plaquette, interaction-driven Majorana bound
states in fermionic ladders may be stabilized in the presence
of single-particle interleg tunneling. En route we have estab-
lished a connection between a microscopic Z2 leg-exchange
symmetry present only at this flux value and the action of
an emergent fermion parity operator in the long-wavelength
bosonized theory. We have also highlighted the advantages of
the pi-flux state in fostering umklapp processes which generate
the spin gap enabling this topological regime. Our theory has
been substantiated by extensive DMRG and ED calculations.
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Supplemental Material
Band structure
Here we provide more details on the band structure ofHK , and show how it enters the bosonized form of the full Hamiltonian.
The noninteracting kinetic Hamiltonian,
HK =
∫ ∞
−∞
dk
2pi
(
ψ†k,0 ψ
†
k,1
) −2t‖ cos(ka+ φ2) −t⊥
−t⊥ −2t‖ cos
(
ka− φ2
) ( ψk,0
ψk,1
)
=
∫ ∞
−∞
dk
(
ψ†k,+ ψ
†
k,−
)(
E+(k, φ) 0
0 E−(k, φ)
)(
ψk,+
ψk,−
)
,
can be diagonalized by introducing the unitary matrix M(k, φ),
M(k, φ) =
( |χ+〉 |χ−〉 ) =
 −uk,φ√1+u2k,φ 1√1+u2k,φ
1√
1+u2k,φ
uk,φ√
1+u2k,φ
 , M†H(k, φ)M = ( E+(k, φ) 0
0 E−(k, φ)
)
,
where the component in the matrix elements assumes
uk,φ =
1
t⊥
2t‖ sin (ka) sin φ2 +
√
t2⊥ +
(
2t‖ sin(ka) sin
φ
2
)2 .
From now on, we focus on the case of φ = pi, with the chemical potential in the lower band. Linearizing the band structure
about the four Fermi points in the lower band gives rise to four independent but mutually interacting chiral-fermion branches,
which we label (L, I), (R, I), (L, II), and (R, II) (see Fig. 1 in the main text). The fermion operator in real space is related to
these four chiral fermions via:
ψx,` ' eikL,Ix〈`|χ−(kL,I)〉ψ˜L,I(x) + eikR,Ix〈`|χ−(kR,I)〉ψ˜R,I(x)
+ eikL,IIx〈`|χ−(kL,II)〉ψ˜L,II(x) + eikR,IIx〈`|χ−(kR,II)〉ψ˜R,II(x),
where x is the position along the ladder, and ` = 0, 1 indexes the leg. Here we have defined 〈` = 0| ≡ (1 0), 〈` = 1| ≡ (0 1),
and |χ−(k)〉 ≡ |χ−(k, φ = pi)〉 =
 1√1+u2k,piuk,pi√
1+u2k,pi
 = ( cos ξ(k)2
sin ξ(k)2
)
.
The Hamiltonian in the main text is obtained by substituting these expressions into the pair-hopping termHW , and performing
a standard bosonization analysis of the result. Following these calculations through, one finds that the matrix elements 〈`|χ−〉
enter the resulting Luttinger parameters, as well as the sine-Gordon couplings gum, gbs, gmx. The relevant expressions in the
spin sector are given in the main text; in the charge sector the associated Luttinger parameters are defined by
uc =
√
(u− g) · (u− 5g), Kc =
√
u− g
u− 5g ,
where the matrix element enters uc and Kc via g= aW2(2pi)3 sin
2 ξ.
It follows that the microscopic parameters in our bosonized model are sensitive to the precise initial band structure, as well
as to the initial value of the chemical potential within the lower band. In particular, the wrong choice of chemical potential can
lead to Ks < 1, and an RG flow that tends to take the system away from the topological regime.
7Topological quantum phase transition
Though at φ = pi our model is robust to the single-particle interchain tunneling up to t⊥ ≈ t‖, Figs. 2(c)–(e) in the main
text suggest that by t⊥ = 3t‖, the system has undergone a transition to a nontopological regime. In particular, for this value
we see that the nonlocal correlation in the single-particle Green function, an indicator of the presence of Majorana boundary
modes, disappears. Further, the double degeneracy in the entanglement spectrum, another indicator of the topological boundary
modes, disappears by t⊥ = 2.5t‖. Finally, the spatial profile of the local fermion density (shown in Fig. 2(g) in the main text)
shows clear evidence of a fermion density-wave-type order for t⊥ = 3t‖. In comparison, the bulk fermion density is uniform
for t⊥ ≤ t‖, where the nonlocal correlation indicates the presence of Majorana boundary modes.
As further evidence of this transition, Fig. 3 shows the low-energy spectrum of the pi-flux ladder as a function of t⊥/t‖ at
fixed pair-hopping strength W . At approximately t⊥ = 2.8t‖ a level crossing occurs between two states with opposite Z2
quantum numbers under the staggered leg-interchange symmetry Ls. For smaller t⊥ the two lowest energy states have opposite
Z2 quantum numbers; whereas for larger t⊥ both have the same (+1) Z2 eigenvalue. As explained in the main text this Z2
quantum number is associated with the fermion parity in the topological region, suggesting that this level crossing indicates a
transition out of the topological regime. This level crossing is consistent with what we expect for a transition from a topological
regime to a fermion-density-wave order: In the latter case we expect the lowest two states to be related by translation, and hence
to have the same parity under the leg-exchange symmetry Ls.
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FIG. 3: Exact diagonalization results show the evolution of the rescaled eigenenergies of H: En − E0, as we increase t⊥. Here we fixed
W = −1.7t‖, φ = pi, L = 12, N = 4, and set t‖ = 1.0 as the energy unit. We monitor the Ls-quantum number for the lowest three
eigenstates and use different colors to distinguish the Z2 eigenvalues of Ls: Blue denotes 〈Ls〉 = +1, while red denotes 〈Ls〉 = −1. When
0 ≤ t⊥/t‖ . 2.5, the lowest two eigenstates can be differentiated by their quantum numbers of Ls. However, when t⊥/t‖ & 3, they possess
the same quantum number 〈Ls〉 = +1 as the consequence of level crossing between the 1st and 2nd excited states.
The pi-flux ladder for positive W
The RG analysis in the main text suggests that for finite t⊥ when W > 0, φ = pi, the most relevant gapping channel of Hs for
low fermion density (3pi/(4a) > kR,II > pi/(2a)) is the backscattering term gbs. In this section we present the corresponding
DMRG results to illustrate that the resulting phase exhibits no signatures of topological protection at finite t⊥.
In particular, we evaluate the entanglement spectra (ES) for W = +1.7t‖ at several different values of t⊥. The results in
Fig. 4(a) demonstrate the significant splitting of the ES two-fold degeneracy at the lowest level even for the smallest nonzero
values of t⊥ ≈ 0.1t‖. This is in sharp contrast to the situation of W = −1.7t‖, where the even degeneracy in ES persists up
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FIG. 4: DMRG results: (a) shows the degeneracy splittings in the entanglement spectra as a function of t⊥ for the ground state of the ladder
system with the fixed parameters: W = +1.7t‖, φ = pi, L = 48, N = 16. Two prototypical fermion-density profiles have been illustrated
in panel (b), where for the trivial state there exist weak density modulations along the chain.
to t⊥ ≈ 2.0t‖ (see Fig. 2(f) in the main text). Further, for parameters where this degeneracy is lifted, the local fermion-density
profile ρn,` exhibits weak modulations along the chain, as can be seen from Fig. 4(b). Here we define ρn,0 = 〈c†n,0cn,0〉, ρn,1 =
〈c†n,1cn,1〉 for the upper and lower chains, respectively.
Leg-interchange-symmetry-breaking perturbations
Here, we demonstrate numerically that the Z2 leg-exchange symmetry and the flux φ = pi are both central to protecting the
topological features of our model. Specifically, we investigate three different ways of breaking the leg-interchange symmetry,
and show that small (but finite) values of all symmetry-breaking perturbations lift the degeneracies in the ES associated with the
topological boundary modes. In addition, we perform an analysis of the effect of perturbing the flux away from φ = pi, which
lifts the degeneracies in the entanglement spectrum and leads to a fermion-density-wave order.
Making the intrachain hoppings different
We first consider the result of explicitly breaking the leg-interchange symmetry by choosing t‖ to be different on the two legs
of the ladder. We thus modify the Hamiltonian in the following way:
H ′ =−
L−2∑
n=0
[(
i
(
t‖ − δt
)
c†n,0cn+1,0 − i
(
t‖ + δt
)
c†n,1cn+1,1
)
+ H.c.
]
−
L−1∑
n=0
(
t⊥c
†
n,0cn,1 + H.c.
)
+
L−2∑
n=0
(
Wc†n,0c
†
n+1,0cn,1cn+1,1 + H.c.
)
, (17)
where we have set φ = pi, and the added δt-terms explicitly break the Ls symmetry.
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FIG. 5: DMRG results: (a) shows the evolution of ES (for a system of L = 36, N = 12) as a function of Ls-breaking perturbation δt/t‖
(see Eq. (17)). The even degeneracy of ES survives only up to small values of δt/t‖ ≈ 0.125. Panel (b) illustrates the local fermion-density
profiles for the two different values of δt/t‖. Here W = −1.7t‖, t⊥ = t‖, φ = pi.
The arguments given in the main text assert that breaking Ls should lift the degeneracy associated with the topological bound-
ary modes, since there is no longer any reason for the fermion parity even and fermion parity odd states to be proximate in energy.
This is apparent in the evolution of the ground-state entanglement spectra (shown in Fig. 5(a) for a system of L = 36, N = 12)
as a function of δt/t‖. We observe that for fixedW = −1.7t‖, t⊥ = t‖, the two-fold degeneracy in the lowest level of the ES has
completely disappeared by δt = 0.15t‖. This suggests that the symmetry Ls is, as claimed, integral to protecting the topological
boundary modes. Fig. 5(b) further supports this, by showing that for sufficiently large δt (δt = 0.2t‖), the fermion density on
the lower chain tends to develop weak spatial modulations, similar to those observed for positive W in the previous section. For
smaller values (δt = 0.05t‖), the density profiles appear to remain uniform in the bulk, though the relative populations of the
two chains are generically different when the leg-interchange symmetry is broken.
It is somewhat surprising that for the smallest values of δt/t‖ the degeneracy in the ES and the uniform fermion density
persist, suggesting that the topological boundary modes are only destroyed at finite values of the symmetry-breaking parameter.
A similar effect was observed in Ref. [1], where the authors saw signatures of topological features in the φ = 0 chain for small
but finite interchain single-particle hopping—the relevant symmetry-breaking perturbation in that case. This may be because the
spin sector is gapped and completely decoupled from the gapless charge sector; hence its behavior is robust to sufficiently small
perturbations.
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FIG. 6: DMRG results: (a) shows the evolution of ES (for a system of L = 36, N = 12) as a function of Ls-breaking perturbation h/t‖
(see Eq. (18)). The even degeneracy of ES survives up to small values of h/t‖ ≈ 0.225. Panel (b) shows the development of weak density
modulations along the lower chain as h/t‖ increases. Here W = −1.7t‖, t⊥ = t‖, φ = pi.
Making imbalanced local potentials
As a second test, we consider adding a chemical potential that is imbalanced between the two chains of the Fermi ladder. We
thus take the Hamiltonian to be
H ′ =−
L−2∑
n=0
[(
it‖c
†
n,0cn+1,0 − it‖c†n,1cn+1,1
)
+ H.c.
]
−
L−1∑
n=0
(
t⊥c
†
n,0cn,1 + H.c.
)
+
L−2∑
n=0
(
Wc†n,0c
†
n+1,0cn,1cn+1,1 + H.c.
)
+
L−1∑
n=0
(
hc†n,0cn,0 − hc†n,1cn,1
)
, (18)
where the last h-terms also break the Ls symmetry explicitly.
Via DMRG, we find that the effect of h-terms (see Fig. 6) is similar to that of the δt-terms, both of which tend to destroy
the topological Majorana boundary modes as indicated by the splitting (or nondegeneracy) in the lowest level of ES. This
perturbation also has a similar effect on the fermion-density profile, first changing the relative occupancies of the two chains,
and at higher values leading to density modulations in the higher density chain. The two perturbations differ quantitatively,
however: In this case, the two-fold ES degeneracy survives up to h/t‖ between about 0.2 and 0.25. The other parameters are
kept the same as that in Fig. 5: W = −1.7t‖, t⊥ = t‖, φ = pi, L = 36, N = 12.
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FIG. 7: DMRG results: (a) shows the evolution of ES (for a system of L = 36, N = 12) as a function of Ls-breaking perturbation δφ/pi
(see Eq. (19)). The even degeneracy of ES survives only up to very small values of δφ/pi . 0.03. Panel (b) shows the development of a
fermion-density-wave order under the increase of δφ. Here W = −1.7t‖, t⊥ = t‖, φ = pi.
Making the flux deviate from pi
Finally, we check numerically the consequences of the deviations of φ from the specific value of pi. The corresponding
Hamiltonian takes the following form,
H ′ =−
L−2∑
n=0
[(
t‖e
i
2 (pi−δφ)c†n,0cn+1,0 + t‖e
− i2 (pi−δφ)c†n,1cn+1,1
)
+ H.c.
]
−
L−1∑
n=0
(
t⊥c
†
n,0cn,1 + H.c.
)
+
L−2∑
n=0
(
Wc†n,0c
†
n+1,0cn,1cn+1,1 + H.c.
)
, (19)
where the extra δφ-phases break the Ls symmetry explicitly.
Qualitatively, our results are similar to the two cases described above: A small perturbation δφ is sufficient to lift the degener-
acy of the ES, signaling a loss of the topological boundary modes. However, as demonstrated in Fig. 7(a), for t⊥/t‖ = 1 there
is a significant quantitative difference: The topological ES degeneracy is significantly more sensitive to the δφ-perturbations
than to the δt- and h-terms. The lowest-level two-fold degeneracy in the ES becomes split at a small value of δφ/pi . 0.03,
indicating the instability of the Majorana boundary modes. We note, however, that this quantitative effect is necessarily sensitive
to the magnitude of t⊥, since for t⊥ = 0 the flux has less impact on the band structure. Thus for small interchain single-particle
tunneling strengths, the ES degeneracy survives to larger values of δφ/pi.
As discussed in the main text, as the flux deviates from pi at finite t⊥, a commensurate-incommensurate transition is expected.
In this case, our numerics suggest that this transition is into a regime with a fermion density-wave-type order. This is shown in
Fig. 7(b) for W = −1.7t‖, t⊥ = t‖, φ = pi, L = 36, N = 12.
